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Abstract 
This paper describes the design and experimental evaluation of an optimal feedback control strategy to suppress global 

broadband structural vibration of a flexible plate.  The feedback controller was designed to minimize the spatial H2 norm of 
the transfer function from the disturbance signal to the structural response, at every point over the plate. This approach 
ensures the vibration contributed by all the in-bandwidth (0-500Hz) vibration modes is minimized, and hence is capable of 
minimizing vibration throughout the entire plate. The controller was implemented on a simply supported plate to show the 
effectiveness of the proposed controller in cancelling global structural vibration and noise radiation. The effectiveness of the
spatial collocated feedback controller was then compared experimentally with that of a standard point-wise controller. 
Surface-bonded piezoceramic transducers were used as the disturbance generator, control source, and feedback sensor. 
Experimental results demonstrated that the spatial collocated feedback controller is able to reduce the energy transfer from 
the disturbance to the structural output across the structure. 
Introduction
The trend of mechanical, aeronautical and civil 

design requires structures to become lighter, more 
flexible and stronger. These requirements cause the 
structure to be more easily influenced by unwanted 
vibrations which may lead to problems such as fatigue, 
instability, performance reduction, and may even cause 
damage to highly stressed structures. Furthermore, 
vibration problems may also cause acoustic disturbances 
which can be annoying and harmful to health, and in 
some cases illegal.  

In practice, any structure that deforms under some 
loading can be regarded as flexible and is a distributed 
parameter system. This implies that vibration at one point 
is related to vibration at the rest of the points over the 
structure. Thus, it is desirable to design a controller that 
takes into account vibration at every point over the 
structure by incorporating a global performance measure 
for vibration. 

One of the global performance measures that can be 
used for distributed parameter systems is the spatial H2
norm that was originally introduced in [1] and has been 
used to successfully design feedback controllers for 
structural vibration control where successful 
experimental studies have been achieved in [2]. The 
spatial feedback controllers minimize the spatial H2 norm 
of transfer function from input disturbance to structural 
deflection at every point over the structure. However, 
previous research using the spatial control approach [2] 
has only looked into one-dimensional flexible beam 
structures, and only aims to attenuate global structural 
vibration. 

It was realized that more work is required to 
experimentally investigate the performance of the spatial 
controllers for vibration attenuation over a wider range of 
structures. It is natural to question whether the spatial 
control approach can be successfully implemented for 
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 structures. Motivated by this need, the present work 
 to demonstrate the applicability of spatial 
rollers to attenuate global vibration (and the noise 
tion indirectly) of a two-dimensional structure, in 

case a flexible plate.  
his paper focuses on systems in which the original 

tation of the structure, due to the primary source, 
ot be directly observed or in which there are too 
y primary sources to economically obtain reference 
als from each one. In such systems, feedback 
tion control strategy can be used for disturbance 
tion. The work here uses the spatial H2 norm of the 
ally distributed output as the performance measure. 
he paper is organised as follows:  The first section 
ly describes the model of a flexible plate with 
ce-bonded piezoceramic actuators.  In the second 
on, the design of a spatial H2 collocated-feedback 
rol for disturbance attenuation of flexible structures 
esented. The third section discusses the design of 
al H2 and point-wise H2 feedback controllers for 
ressing vibration of the first five modes of a simply 
orted plate. The fourth section presents experimental 
ementation of the controllers on a plate.  

del of Flexible Plate Structure 
n this section, modelling of the piezoelectric 
nate plate is briefly described.  
here are many ways to model a flexible structure. In 
ral cases of piezoelectric laminate structures, 
oximate methods such as the Finite Element (FE) 
od may be required. There are also other more 

prehensive methods for modelling piezoelectric 
nate structures. The modelling includes the 
ribution of piezoelectric patches to the properties of 
tructures and non-linear modelling of piezoelectric 
nate structures. The purpose of the work here is to 
in a model sufficiently accurate to be used for 
rol design.  



Since the piezoelectric patches used in experiment are 
relatively thin with respect to the dimensions of the plate, 
it was assumed that the piezoelectric laminate plate is a 
uniform structure. The piezoelectric laminate plate used 
in the experiment can therefore be sufficiently modelled 
using the modal analysis method, which is confirmed 
experimentally in the following section. 

Figure 1. A plate with surface-bonded 
piezoceramic actuator 

Consider a homogeneous simply supported plate with 
length Lx, width Ly, and thickness h as shown in Figure 1.  
Each surface-bonded piezoceramic actuator has length 
Lpx, width Lpy and thickness hp.  Suppose there are j
piezoceramic patches bonded over the plate. The applied 
voltages to the patches are T
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1 .
The partial differential equation (PDE) that describes 

flexural vibration of thin plates is [2]:  
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where the plate transverse/out-of-plane deflection at 
point (x, y) at time t is denoted by w(x, y, t). The density 
and height of the plate are represented by and h, while 
D is the flexural rigidity of the plate. The right hand side 
term represents the forcing function produced by the 
piezoceramic actuators, where Mpx and Mpy are the 
forcing moments acting on the plate. 

The transfer function from the piezoceramic actuator 
voltages T

ajaa sVsVsV )]()...([)( 1 to the plate deflection 
),,( syxw  is given by the Green Function: 
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where hmn and gmn depend on the properties of the 
structure and the piezoceramic patches, and the damping 
ratio is denoted by mn . The model in (2) describes the 
spatial and spectral properties of the plate system, which 
will be used to design the spatial H2 feedback controller.  

Spatial H2 Feedback Control of a 
Piezoelectric Laminate Plate 

This section is concerned with the problem of spatial 
H2 control for flexible structures. Consider a typical 
system of a flexible plate structure such as the one shown 
in Figure 2. The system consists of only one piezoelectric 
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ator-sensor pair for the sake of clarity. Here, the 
ose of the controller K(s) is to reduce the effect of 
rbance, d(t), on the entire structure, using 

oelectric actuators and sensors.  

Figure 2. Collocated Feedback control of a 
flexible structure (section view) 

 spatially distributed Linear Time Invariant (LTI) 
mical system such as the plate in Figure 2 can be 
ribed in state space form: 

)()()( ttt ud 21 BBAx
)(),()(),()(),(),, tyxtyxtyxty ud 12111 DDxC

)(),()(),()(),() tyxtyxtyx ud 22212 DDxC  (3) 

re x(t) is the state vector and w(x,y,t) is the vibration 
ut (displacement or velocity) at time t over the plate, 
 is the feedback signal from the collocated sensor, 
is the control signal to the control source, and Va(t) is 
ignal applied to the PZT. Here, the disturbance d(t)
sumed to enter through the same actuator channel, 
22 = D21, D11 = D12 and B1 = B2. However, a general 

 of disturbance can be dealt with in a similar manner. 
he feedthrough term, Dij can be estimated by 
hing with the dc gains of the measured experimental 
ency responses. Experiments showed that it was 

cient to assume that the feedthrough terms from d(t)
u(t) to the displacement w(x, y, t) to be 

oximately zero, i.e. D11 = D12 = 0 mm/V. The 
through terms from d(t) and u(t) to the PZT sensor 
ut Vs(t) were found to be D21= D22 = 0.02 V/V. They 
not zero because there exists some direct structural 
ection path from the actuators to the sensor.  
 spatial feedback controller is developed to reduce 

effect of disturbance over the entire structure. The 
m with feedback control can be represented as a 
ral Linear Fractional Transformation (LFT) as 
n in Figure 3, where Gij is the transfer function from 

. Thus, the aim for control design is to find a stable 
back controller K that minimizes a particular cost 
tion J. This cost function which is based on the 
al H2 norm concept represents the overall structural 
tion of the plate.  

ccording to the definition in [2], the weighted spatial 
orm of a stable system ),,( yxjG  with ],0[ xLx

],0[ yLy  is defined as: 
2
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where Q(x, y) is a spatial weighting function and can be 
used for emphasizing the region where the vibration 
reduction is to be more concentrated. 

Figure 3. Schematic diagram for collocated 
feedback control design 

The spatial H2 norm of the system takes into account 
the spatial information embedded in the system. In this 
work, in order to minimize the disturbance of a spatially 
distributed system, the spatial 2-norm of the spatially 
distributed performance output over the plate is used as 
the cost function in the feedback control design.  

In contrast to previous work in spatial controllers [2], 
the combination of displacement ),,( tyxw  and velocity 
term ),,( tyxw  has been chosen here as the performance 
function in both spatial and point-wise feedback 
controller design. A cost function weighting,  is used 
to weight between the displacement and velocity terms. 
The displacement term emphasises the vibration 
reduction of the low frequency modes, while the velocity 
term emphasises the high frequency modes. This type of 
cost function can be shown to be related to the 
vibrational energy of the structure in the physical sense. 
The output matrix of the system is defined as: 

1v

1
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C
C

)1(  (4) 

where C1 is the output displacement matrix and C1v is the 
output velocity matrix. 

A control weighting,  is also added on the control 
signal to avoid an excessive controller gain. Excessive 
gain may lead to reduction of closed-loop robustness as 
well as other problems such as actuator saturation and 
noise sensitivity.  

Here, the performance measure (cost function, J), the 
spatial 2-norm of z(x,y,t) is defined by [1]: 
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The spatial H2 control problem is to design a stable 
feedback controller: 
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 that the weighted spatial H2 norm of the closed loop 
m: 

2
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inimized. Here Tzd is the closed loop transfer 
tion from d to z, and the entire plate is weighted 
lly with Q(x, y) =1. Following the approach in [1], 
above control problem can be transformed into a 
ard H2 control problem with the following system: 

)()()()( 21 tttt ud BBAx  (8a) 

)()()( ttt u
0

x
0

 (8b) 

)()()()( 22212 ttttS ud DDxC  (8c) 
re  is any matrix that satisfies: 

y xL L
TT dxdyyxyx

0 0

),(),( 11 CC  (9) 

n practice, a suitable needs to be chosen to 
promise between the vibration reduction level and 
roller gain. The optimal spatial feedback controller 
then be obtained using a standard H2 control 

nique [4]. 

edback Controller Design 

Figure 4. Configuration of the test rig – a simply 
supported plate 

his section explains the details of a spatial H2
roller that is designed and implemented on a simply 
orted flexible plate in the Vibration Laboratory at 
University of Adelaide, South Australia. A pair of   
95 rectangular piezoceramic patches of 25mm wide, 

m long, 0.25mm thick was attached symmetrically to 
r side of the plate by means of a thin epoxy film. 
r locations on the patches are shown in Figure 4. The 
ical parameters are given in the Table 1. 

 this work, a SISO (Single Input Single Output) 
roller is designed for the purpose of controlling only 



the first five vibration modes (0-500Hz) of the plate. 
Hence, the model is truncated to include only the first 5 
bending modes. The system in equation (8), can then be 
modelled in state space form (see [1, 2] for example). 
Figure 5 compares the frequency response from the 
actuator voltage to the sensor voltage between simulation 
and experiment for the open loop case.  

Table 1.  Properties of the Piezoelectric Laminate Plate

Plate X-length, Lx 400 mm 
Plate Y-length, Ly 350 mm 
Plate thickness, h 2.8 mm 

Plate Young’s Modulus, E 210 GPa 
Plate density, 7800 kg/m3

Plate Poisson’s ratio, v 0.292 
Piezoceramic X-length, Lpx 25 mm 
Piezoceramic Y-length, Lpy 25 mm 
Piezoceramic thickness, hp 0.25 mm 

Piezoceramic Young’s Modulus, Ep 63 GPa
Charge constant, d31, d32 -1.66 x 10-10 m/V 

Voltage constant, g31 -1.15x10-2 Vm/N 
Capacitance, C 1.05 x 10-7 F 

Electromechanical coupling factor, k31 0.34 
Piezoceramic Poisson’s ratio, vp 0.35 

Figure 5  Frequency response of Feedback Sensor 
signal (V/V) - Simulation VS Experiment  

To compare the performance between the spatial and 
point-wise controllers, a point-wise controller was 
designed using the displacement and velocity information 
at a point close to the bottom centre of the plate (0.205m, 
0.06m) as the cost function (see Figure 4). The cost 
function weighting was chosen as 310 . The 
penalty/weighting  on the control signal of the point-
wise controller was chosen such that the total control 
energy is the same as that of the spatial controller. This 
would ensure a fair comparison between the two 
controllers. MATLAB Robust Control Toolbox was used 
to design the spatial H2 and point-wise H2 controllers via 
state space approach. The frequency responses of the 
designed controllers are shown in Figure 6.  

As expected, the controller has a resonant nature 
because of the highly resonant nature of the system. The 
spatial controller applies high gain at each resonant 
frequency in an attempt to reduce the resonance 
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onse, while the point-wise controller only applies 
 gain at 1st, 3rd and 5th modes (98Hz, 276Hz and 
z respectively). 

Figure 6.  Frequency response of the controllers 
(input voltage to output voltage (V/V)) 

n order to compare the performance of both 
rollers in achieving vibration reduction for spatially 
ibuted systems, the H2 norm at every point over the 
rolled and uncontrolled plate has been plotted based 
e designed controllers. These simulation results are 
n in Figure 7. 

(a) Uncontrolled system 

(b) System with Point-wise Feedback Control 

(c) System with Spatial Feedback Control 

Figure 7.  H2 norm over the plate system 

ese H2 norm plots demonstrate the energy transfer 
 the disturbance input to the structural response at 
y point over the plate. From the plots, it can be seen 



that the spatial controller suppresses the H2 norm of the 
entire plate more uniformly, while the point-wise 
controller only tends to suppress H2 norm at the point of 
interest, i.e. at point (0.205m, 0.06m). 

When the overall structural velocity drops, it is 
expected that the noise radiation will drop as well. To get 
a better idea of the noise radiation before and after 
control, the sound power radiated from the plate is 
simulated using the elemental radiator approximation [3]. 
A set of 6x6 elemental radiators over the plate is defined. 
The acoustic power radiated by this array of elements can 
then be estimated by the following equation: 

QvQvRvv TW HH yy H 2

1
i i

I

i
y  (10) 

where R is the radiation resistance matrix for elemental 
radiators, Q is an orthogonal matrix of eigenvectors, and 

is a diagonal matrix of eigenvalues i which are all 
positive real numbers, and  y = Qv, is the vector of 
radiation modes in terms of the velocities of the 
individual elements. The simulated results are shown in 
Figure 8. 

Figure 8. Simulation - Sound Power Level (PWL) 

Experimental Implementation 

Figure 9  Experimental Setup 

The experimental set-up is depicted in Figure 9. The 
controller was implemented using a dSPACE DS1104 
rapid prototyping Controller Board together with the 
MATLAB and SIMULINK software. The sampling 
frequency was set at 10 kHz. The cut-off frequency of the 
low pass filter was set at 500 Hz. A Physik Instrumente 
GmbH E-865.10 piezo-amplifier was used to amplify the 
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Con
ed signal with a gain of 10 in order to supply the 
ssary voltage for the actuating piezoceramic patches. 
ruel & Kjaer - type 4344 accelerometer, a charge 
lifier, and a HP 35665A Dynamic Signal Analyser 
 used to obtain frequency responses of the plate. The 
loped collocated feedback controllers in the previous 
on were applied to the plate. 

ation Measurement 
ibration testing was carried out to verify the ability 
e spatial feedback controller to suppress disturbance 
 a plate in the frequency band 0-500 Hz (refer to 
re 7). Experiments in this section were performed in 
time domain. A random noise signal (low-pass 
ed at 500Hz) with a duration of approximately 3 
tes was applied to the disturbance source. The 

city response over the plate was measured with an 
lerometer. The velocity response was filtered by a 
pass filter with a cut off frequency of 500 Hz. The 
t random noise signal and the corresponding velocity 
sured at each point were all recorded in RMS (root 
n squared). The experiments were repeated with 
rol ON and OFF until vibration responses at 21 
ts (11 horizontal points and 10 vertical points) along 
entre of the plate were measured (refer to Figure 4 

he measurement locations.) 
or clearer comparison, the normalised simulation 

lt of the H2 norm (Velocity) along the centre X and Y 
 of the controlled and uncontrolled plate has also 
 plotted as shown in the following Figure 10. 

Figure 10. Vibration Energy (Velocity) – 
Experiment VS Simulation, (a) Along centre X-

axis, (b) Along centre Y-axis 

periments showed that the Spatial Feedback 
troller achieved more vibration reduction over the 



plate compared to the Point-wise Controller, as expected 
from simulation. 

Sound Power Measurement 

Figure 11. Noise Measurement – Experimental 
Setup in Anechoic Chamber 

The flexible plate was placed in a baffle within an 
Anechoic Chamber as shown in Figure 11. A B&K sound 
intensity probe was used to record the radiated sound. 
For each measurement point, the power spectrum of each 
microphone and the transfer function between the 2 
microphones were recorded. The measurement was 
repeated for Control ON and OFF cases. A total of 36 
points have been measured for each case. The sound 
power W between the 2 microphones can then be 
estimated by: 
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12

yxIW
36

1i

z i  (11) 

where the time averaged intensity in the direction 
pointing towards the plate between the 2 microphones is: 

)sin(
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12
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12 z

PP
I

iz  (12) 

where 1P  and 2P are the power spectrum of the 1st and 
2nd microphones respectively. The phase difference 
between the two microphones 21 was obtained by 
recording the transfer function between the two. The 
experimental result of the sound power level is shown in 
Figure 12. 

The significance of these experimental results is that 
the spatial feedback controller is able to reduce the 
energy transfer from disturbance to the vibration output 
across the plate in a more uniform way. This is useful in 
practice since vibration at every point across a structure 
can be controlled more efficiently. 

Both experiment and simulation results indicate that 
spatial control is capable of suppressing all three-
vibration modes of the plate. On the other hand, one can 
also observe that by using point-wise control, vibration 
level and sound power level at the 1st, 3rd and 5th resonant 
frequencies were reduced, but the amount of reduction is 
less significant at the 2nd and 4th resonant frequencies. 
This is as expected because the point of interest  
(0.205m, 0.06m) was not located effectively to control 
mode (2, 1) and mode (2,2) due to close proximity of the 
point to the nodal line. 
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Figure 12. Experiment – Sound Power Level (PWL) 

omparing the overall performance of the spatial 
roller and the point-wise controller, it can be 
rved that the spatial controller is able to suppress the 
dband structural vibration contributed by all in-
width vibration modes; while performance of the 
t-wise controller generally depends on the location 
e point chosen during the controller design. 

nclusion 
xperiment results demonstrated that the spatial 

roller is able to reduce the energy transferred from 
disturbance to the structural response across the 
ture. 
his Spatial Control Approach can be used to design 

ctive controller that minimizes the global vibration of 
ructure. With successful attenuation of the global 
tural vibration disturbance, the lifetime of the 
ture would be extended by increasing material 
bility and fatigue life, and hence save the cost for 
tenance or facility down time during installation. 

hermore, if the structural radiated noise could 
ectly be reduced at the same time, health related 
lems (such as stress, fatigue, etc) associated with 
stic noise would be reduced, and ergonomics would 
proved. 
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