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ABSTRACT

The paper deals with a reduced order analytical model of the vibration response of a NACAOO0L5 cantilevered
hydrofoil excited by honeycomb-generated turbulence. The statistical stochastic excitation model employs strip
theory with the intensity and the integral length-scale of the turbulence being the input parameters. The structural
response is calculated as the product of the total hydrodynamic response function with the frequency spectrum
of the space-time velocity correlation function. The total hydrodynamic response is represented by the combina-
tion of Sears’ model of unsteady hydrodynamic gust combined with Theodorsen’s theory for the lift and moment
due to the heaving and pitching motion of the strip coupled with Euler-Bernoulli and torsional equations of the
cantilevered hydrofoil motion. The comparison of the predicted structural velocity spectra with available experi-
mental results shows good agreement for the first bending mode but overpredicts the amplitude at higher fre-
guencies. Finally, a finite/boundary element model developed using COMSOL Multiphysics, provides further
cross-verification with the aim of understanding some of the limitations of the simplified analytical model.

1 INTRODUCTION

The study of the hydroelastic behaviour of a flexible lifting surface is important for the design of maritime vessels
(D’ Ubaldo et al., 2021, Jang et al., 2020). The optimally designed lifting surface usually operates under relatively
small angles of incidence to avoid flow separation, excessive noise and material damage. Previous studies have
focused on the hydrostability characteristics of the flexible lifting surface (Dowell, 2015, Ducoin and Young, 2013),
investigating the critical operating conditions where divergence or flutter instabilities set in, causing a failure of the
hydroelastic system. Of equal importance, however, is the lifting surface’s vibration response due to excitation by
the surrounding fluid. Excitation mechanisms include the leading edge interacting with the free stream turbulent
vortices (Chae et al., 2016, Lelong et al., 2018), stochastic forcing by the turbulent boundary layer along the
surface or from its separation (Ducoin et al., 2012, Ducoin and Young, 2013). Such interactions can lead to un-
wanted noise generation, transmission to other platform components and high-cycle fatigue failure.

Experimental measurements of the vibration response of a cantilevered NACAO0015 hydrofoil of Polyace-
tate(POM) material with chord ¢ = 0.1m and span L =0.191m, interacting with the free stream turbulent vortices
generated by an upstream honeycomb (see Figure 1), were conducted at the French Naval Academy Research
Institute (Chae et al., 2016, Lelong et al., 2016,2018). The objective of the present study is to detail the develop-
ment of a stochastic model to simulate the vibration response of this cantilevered hydrofoil due to the interaction
of its leading edge with the free stream vortices of an unconfined flow. Validation of the analytical model is made
by comparing with the corresponding experimental vibration spectra(Lelong et al., 2016,2018) and results from
Finite Element (FE) / Boundary Element (BE) models.

2 MATHEMATICAL FRAMEWORK

2.1 Hydroelastic Response

The effect of hydrofoil elasticity on the frequency spectrum of the structural response is studied by incorporating
the hydrodynamic gust response function into the hydroelastic response function (Dowell,2015, Blake and Maga,
1975). The hydroelastic response function is built based on the equation of motion of a typical section, or strip of
the hydrofoil shown in Figure 2. The parameters used in the hydroelastic response function includes the mass,
mass moment of inertia, structural damping as well as linear and torsional stiffness of the strip due to heaving and
pitching of the elastic axis. Coupling of the structural inertia is also considered when the centre of mass does not
coincide with the elastic axis.
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Figure 1: Experimental setup of a cantilevered hydrofoil mounted horizontally inside the water channel (re-
produced from Chae et al. (2016))
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Figure 2: Geometry of a hydrofoil strip

The Euler-Bernoulli and the torsional equations of the beam (Rao, 2007) characterise the bending and torsional
vibrations of the hydrofoil. The Euler-Bernoulli model is valid for the low order structural bending modes observed
in the experimental results. The hydrofoil aspect ratio and frequency range of interest in this work is low, it is
therefore assumed that the chordwise bending modes of the plate do not significantly contribute. The simplest
analytical models that quantify the unsteady lift and moment of a hydrofoil using unsteady 2D hydrofoil theory,
are the sinusoidal motion of the hydrofoil section at heaving and pitching in steady flow, namely the Theodorsen’s
model, and the interaction of the leading edge of a rigid hydrofoil with a sinusoidal gust, that is the Sears’ model.
The overall response emerges from the superposition of the responses of the two linear models. The forcing terms
in the two equations are the lift and moments imposed at a section of the hydrofoil due to the gust velocity (Sears,
1941) and the lift and moments imposed by the fluid due to the heaving (bending) and pitching (torsion) of the
hydrofoil section (Theodorsen, 1935). The bending and torsional equations that characterise each strip of the
hydrofoil and the boundary conditions, are
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with boundary conditions
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(z=Lt)=0, Z2(z=1t)=0 (3a,b,c,d)

$pz=06)=0, 2L(z=L1)=0 (4a,b)
In the above equations, h(z,t) is the vertical displacement of the elastic axis of the strip (positive downwards),
¢(z,t) is the angular displacement (positive clockwise) of the elastic axis positioned % from the mid-chord of the
strip, considered positive towards the trailing edge of the hydrofoil with ¢ and L the strip chord and the span of the

hydrofoil, respectively. The density of the hydrofoil material is assigned by p;, A is the cross sectional area and I,
is the mass moment of inertia per unit span. Dy, Dy is the damping of the structural vibration in bending and torsion

due to the fluid viscosity and D, is the damping due to the acoustic radiation (Blake and Maga, 1975), which is
considered negligible for the present study. E1 is the flexural rigidity and G/ is the torsional rigidity. S, %AC is

the moment of the mass per unit span due to the offset % of the centre of mass from the elastic centre. p; is the

fluid density, U is the free stream velocity of the strip and T(s) and S(s) are Theodorsen’s (Theodorsen, 1935)
and Sears’ functions (Glegg and Devenport, 2017), respectively. s = wc/(2U) is the non-dimensional (reduced)
frequency of the wake which coincides to that of the unsteady gust and W the magnitude of the sinusoidal gust
velocny |s the local lift curve slope of the strip which for an infinite span hydrofoil of infinitesimal thickness is
(@) = 27'[. The experimental results (Chae et al. 2016, Lelong et al. 2016, 2018) were obtained for a cantile-

¢
vered hydrofoil whose tip was constrained by a wall minimizing the tip loss and thus af; ~ (Z_f;) was assumed.

An empirical correction to the two-dimensional lift curve-slope due to the finite thickness of the strip section was
also used (Houghton and Carpenter, 2003)

(3—3)% =18n (1 +0.8 t’"%) (5)

with ¢,,.., the maximum thickness of the section.
In Theodorsen’s model, the added mass has been obtained for an incompressible potential flow. To account for

a modification (decrease) of the added mass due to the increase of the disturbance frequency, the following
correction factor M, was used in equations (1) and (2)

w @2n-1)=n
keg=—, k, =
Coo 2L

,n>1 (6a,b,c)

M, [1+kc (ka) ~1f,

which is valid for 1 < k,c < 4.4 and :—“ « 1, with k, referring to the acoustic wavenumber and n the structural

n
mode number. This theoretical formula was obtained by (Blake, 1974) when calculating the pressure radiation of
a vibrating free-free unbaffled beam. Initially, the analytical eigenfrequencies of the bending modes of the beam
with the geometric and elastic properties of the hydrofoil in water for correction factor M, = 1 are calculated from

%
wy, = (k,L)? (ﬁ) ,n = 1. For given frequency w, the bending mode number of vibration at that fre-
4
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quency is known and using equations 6(b),(c) in 6(a), the new correction factor M, is calculated. The latter one
is used to find the new eigenfrequencies in water from the above equation and the procedure continues until
convergence of the correction factor M, in about 1-3 iterations.

Applying the wave-type decomposition, h(z,t) = h(z)e !, ¢(z,t) = ¢(z)e 't to equations (1)-(4), a system of
ordinary differential equations with respect to the spanwise direction z is obtained:
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where the vector b involves the lift and moment due to the unsteady hydrodynamic gust. The two boundary con-
ditions for bending and one boundary condition for torsion applied at each end of the beam, supplement the
system of equations. Finally, a second order central finite difference scheme was applied for the discretization of
the spatial derivatives of the bending and torsional equations of the above system which produces a (M + 1) X
(M + 1) algebraic linear system of equations with M the number of strips used for the hydrofoil discretization.

The total lift hydrodynamic response function Hg, of strip a, is given as the sum of the lift hydrodynamic gust
response due to the up-wash velocity (normal velocity fluctuations on the hydrofoil), HL, and the lift hydroelastic
response due to the heaving and pitching motion of the section, HL%,

2
_ac o1 R ® )
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with &z the length of the strip. Similarly, the structural vertical velocity response of strip a is given by

« iw%dz
Hf (w) = — =B 9)

2.2 Turbulence Ingestion

The correlation method (Sevik, 1974, Jiang et al., 1991) for the turbulence ingestion of the elastic hydrofoil is
implemented and combined with the above structural vertical velocity response function. The hydrofoil is discre-
tised into chordwise strips along the span. The frequency spectrum of the correlation function of the lift between

two strips @ and B due to the normal velocity fluctuations on these strips , l}’,\',",f(w) is defined as

)= [ 7R (@) e dr (10)
with P,j‘,g () being the correlation function of the lift and 7 the time delay. The frequency spectrum of the correlation

function of the lift of the hydrofoil is related to the Fourier transform of the space-time correlation function of the
normal velocities fluctuations on the hydrofoils, S“‘B (w) as

Py (@) = XM, S HE (@) Hpy (@) S (@) (11)

with Hgy (w) is given by (8) and S,‘\’,‘ﬁ is defined by the Fourier transform of the space-time correlation of the
velocity’s fluctuations normal to the hydrofoil, Rl‘f,ﬁ ()

Sun(@) =21 [*7 RN () €T dr, Ryn(1) = E (u§ () uf(t + 1)) = Ry, (r(2)) (12a,b)

In the above expression, r is the separation distance between strip a and the frozen convected vortices as they
pass through strip f on the hydrofoil plane (xz plane). By analogy to equation (11), the frequency spectrum of
the correlation function of the structural vertical velocity vibrations of the hydrofoil is given by

Wyy (©) = Ty Bio HE (@) HY (@) Sy (@) (13)
with Hy (w) given by (9).
The spatial correlation function for homogeneous isotropic turbulence is defined as (Glegg and Devenport, 2017)

Rij(80 8y &) = w296, + 12508 ij =2,z (14)

with the separation distance given by

r(0) =+ & +& =JUD? + 82 = (U2 + (2F - 29)? (15)
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where u? is the mean square of the velocity fluctuations, U.~0.7U the convection velocity of the free stream
vortices and ¢, the Cartesian separation distance in the spanwise direction. Using the Liepmann spectrum the
longitudinal f(r) and lateral g(r) correlation coefficient functions are defined, respectively by (Glegg and Deven-
port, 2017)

f)=e ™, g =e M (1 - L) (16a,b)

ZAf

with 4, the longitudinal integral lengthscale of turbulence. The space-time correlation function is simplified to

r

R;ﬁ(r) =R,,(r(r)) = uzg(r) = uZe Af <1 — 2;—f> a7

The correlation of the normal velocity fluctuations between two strips is calculated from equation (17) and its
frequency spectrum from equation (12) using a standard Gauss integration. The total interval of the integral is set
to 20 periods of the considered gust, while the time step is set to 1/30t™ of the gust period. The results appears to
be insensitive to larger intervals or smaller time steps for the frequencies of the gusts considered.

2.3 COMSOL Modelling

In order to validate the analytical model presented, the hydrofoil is modelled using the COMSOL Multiphysics
FEM software. The software is capable of coupling the acoustic-structure interaction at the fluid-structure bound-
ary, allowing the effect of the added fluid mass to be captured. To solve the coupled vibroacoustic problem, a
hybrid FEM-BEM method was employed (Everstine and Henderson, 1990). The FEM model was used to describe
structural domain (hydrofoil) while the BEM was used for the fluid domain. A system of equations is constructed
in terms of nodal velocities and sound pressure (Merz et al., 2007). A GMRES iterative solver along with a GCRO-
DR preconditioner is used to solve the system of equations. Solid tetrahedral elements are used for both the
structure and fluid domains and the final mesh results in the total number of DOFs in the system to be 34996.
One major difference between the COMSOL model and the analytical model is that the prediction in equation (7)
assumes a freely propagating acoustic field; reflection and wall effects are not captured. Moreover, the near wall
effects at the tip of the hydrofoil are also not captured by the analytical model. An eigenfrequency analysis was
performed and the first two spanwise bending and torsional mode shapes were extracted.

3 RESULTS AND DISCUSSION

3.1 Resonant Frequencies In Air And Water

The resonant frequencies of the NACA0015 cantilevered hydrofoil in still air and water is considered. The system
response predicted by the model is compared with respective experimental results (Lelong et al. (2016)) and
modal analysis in COMSOL. Table 1 shows the geometry, material and flow properties used to evaluate the
resonant frequencies of the cantilever hydrofoil in both a still and moving flow as well as its structural response
when ingesting a homogeneous isotropic turbulent flow. Equation (7) is solved to find the amplitudes of vertical
displacements and rotation of each strip. Equation (13), combined with equations (9), (12) and (17), then provides
the structural vertical velocity spectra of the cantilevered hydrofoil. For the still air and water case, the velocity of
the free stream is set close to zero, with the turbulent velocity fluctuations used as a broadband excitation force.
In the results to follow, this approach is termed the ‘correlation method’.

Figure 3(a) and (b) show the resonant frequencies in still air and water, respectively, of the NACA0015 cantile-
vered hydrofoil. The experimental measurements and predictions from the COMSOL modal analysis are repre-
sented by the black dashed and green dotted vertical lines, respectively. The results from the correlation method
with and without the modification of the added mass with the disturbance frequency, equation (6), are depicted
by the blue dotted and red solid line, respectively. These results show that the added mass correction has a
negligible effect on the resonant frequencies in air but a large effect in water for the higher order modes.
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Table 1: Geometry, material and flow properties used in the present study

Geometry: NACA0015 cantilevered hydrofoil
Span, L (m) 0.191
Chord, ¢ (m) 0.1
Thickness, tyqx (M) 0.15c
Material: POM
Material density, p,(kg/m?) 1420
Elastic modulus, E (GPa) 2.9
Poisson ratio, v 0.35
Type of force: Turbulent velocity fluctuations
Free stream velocity, U (m/s) ~0,4,5,6
rms of velocity fluctuations, vu? (m/s) 0.02U
Longitudinal Integral lengthscale, Ar (m) 0.0022
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Figure 3: Structural vertical velocity spectra of a NACAQ0015 cantilevered hydrofoil predicted by the correlation
method in still (a) air and (b) water. The green and black vertical lines represent the resonant frequencies pre-
dicted by modal analysis with COMSOL and the experimental measurements, respectively. The 1%t, 2"d bending
(B1, B2) and 1st, 2" torsional modes (T1, T2) are shown with the arrows.

Table 2: Bending and torsional resonant frequencies in still air and water

Bending resonant frequencies (Hz)
Air Water
Experiment Correlation method COMSOL Experiment Correlation method COMSOL
1* mode 80.6 79 80.1 344 31 33.6
2" mode 556.5 494 483.3 292 248 231.7
Torsional resonant frequencies (Hz)
Air Water
Experiment Correlation method COMSOL Experiment Correlation method COMSOL
1* mode 390 346 361.5 183.5 190 178.6
2" mode - - - 580.4 621 526.1

A summary of the resonant frequencies in still air and water produced by the experiment, the correlation method
and the modal analysis in COMSOL appears in Table 2.There are a number of reasons which could lead to
discrepancies between the three sets of data. Firstly, the effect of the wall adjacent to the hydrofoil tip is not
accounted for by the correlation method; the hydrofoil is assumed to be in free space while in both the experiment
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and COMSOL model a rigid wall is present. The presence of the wall increases the entrained fluid mass of the
cantilever hydrofoil and thus the resonant frequencies are reduced with the effect being more significant for the
water case. This was verified by the analysis in COMSOL with and without the presence of the wall. Secondly,
there is a non-perfect clamped boundary condition in the experiment and uncertainty in the material properties of
the hydrofoil. Thirdly, the correlation method neglects interactions between neighbouring strips, thus overpredict-
ing the effect of the added mass. Finally, the mass correction equation (6) is an approximate one, valid when the
acoustic wavelength is much larger than the wavelength of the structural mode.

3.2 Structural Response Due To Turbulence Interaction

The structural response due to turbulence ingestion of a NACAO0015 cantilevered hydrofoil immersed in a
turbulent flow produced by water flowing through a honeycomb is discussed. Since the longitudinal integral
lengthscale of turbulence is an unknown, it is assumed to be A, = 0.0022 m for the present study. This was
determined by matching the numerically obtained maximum PSD of the first bending mode with that of the
experimental data at U=4 m/s. The relative turbulence forcing parameters used in the correlation method are
given in Table 1. Figure 4(a) shows the structural response due to turbulence ingestion, as expressed by the
structural velocity spectra of the NACA0015 cantilevered hydrofoil. Converged solution within 0.3dB was
obtained with 150 strips across the whole frequency spectrum. Free stream velocities of U = 4,5 & 6 m/s are
represented by blue solid, red dashed dotted and green dotted curves, respectively. The thick lines represent
the experimental measurements at 2 degrees angle of flow incidence(Lelong et al., 2018) with the thin lines
representing the predictions of the correlation method.

Results obtained using Sears’ function are shown to over predict the response of the 1st torsion and 2nd
bending modes as well as of the response at the higher frequency range. In addition, some differences
observed in the frequency spectrum of the peaks of the second bending mode between the correlation
method and the experimental measurements are associated with differences of the resonant frequencies in
still water as presented in Figure 3(b). As the flow velocity increases, the experimental results are showing an
increase in resonant frequency of approximately 5Hz and 11Hz for the 1%t torsional and 2" bending modes, re-
spectively. On the other hand, the correlation method predicts an increase in the resonant frequency only for
the 1st torsional mode of about 1Hz with increasing flow velocity. Despite these differences, as shown in Figure
4(a), the correlation method is able to capture the effect of hydrodynamic damping on the structural response
across the flow speeds investigated.
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Figure 4: (a) Vertical velocity spectra of hydrofoil (calculation and experiments in water). (b) Magnitude of
the vertical velocity response function at the resonance as a function of span location and free stream velocity
(water).

Finally, Figure 4(b) shows the spanwise distribution of the magnitude of the structural vertical velocity response
function, given by equation (9), at the resonant frequencies of the 1st, 2nd bending (at 31 and 248 Hz, respectively)
and 1sttorsional (at 190Hz) modes with increasing free stream velocity. It can be seen that the vibration response
increases with the free stream velocity, with the largest magnitude occurring close to the hydrofoil tip. However,
for the 2" bending mode an equally response to the tip also occurs at the midspan of the hydrofoil. The boundary
layer flow developing at the wall adjacent to the tip of the hydrofoil with its differentinhomogeneous and anisotropic
turbulence characteristics(mean flow, turbulence intensity and integral lengthscale) relative to those of the free
stream, in conjunction with the fact that the maximum of the frequency response function appears at the tip of the

Acoustics 2021 Page 7 of 8



Proceedings of Acoustics 2021
21-23 February 2022
Wollongong, NSW, Australia

Reugies 21

WOLOGONG ey

hydrofoil, could have a major effect on the structural vibration response. The effects of inhomoegeneity and ani-
sotropy will be incorporated into an enhanced model in the future.

4 CONCLUSIONS

The structural response of an elastic hydrofoil in a homogeneous isotropic turbulent flow has been studied in this
paper. To achieve this, an analytical model implementing the correlation method has been combined with Sears’
model of unsteady hydrodynamic gust and Theodorsen’s theory for the lift and moment due to the heaving and
pitching motion of a strip of the cantilevered hydrofoil motion.This method uses strip theory and requires the
turbulence intensity and its integral length-scale as input for the characterization of the space-time correlation
function of the turbulent velocity fluctuations assuming Taylor’s frozen flow hypothesis for the convected vortices.
The Euler-Bernoulli beam and the torsional equations have been used for the equations of motion. The model
provided consistent agreement of the resonant frequencies in still air and water but overpredicted the hydrofoil
vibration response at high frequencies under flow. Discrepancies between the analytical model and experimental
measurements could have been due to uncertainties in material and geometrical properties as well as due to the
confinement of the flow and the developing wall boundary layer adjacent to the hydrofoil tip which was not con-
sidered by the correlation method.
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